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PROBLEM: Prove that for any positive integers a, b, the number
a2 + b2 is never of the form 4k + 3 for any integer k.

STEP 1 — Reduce to a smaller case.
Any integer's square depends only on the integer mod 4.

So check every residue: 0, 1, 2, 3 (mod 4).

STEP 2 — Work out the pattern.

02 =0 =0 (mod 4)
12 =1 =1 (mod 4)
22 = 4 =0 (mod 4)

32 =9 =1 (mod 4)
- every perfect square is = © or 1 (mod 4). Never 2 or 3.

STEP 3 — Combine two squares.
a2 + b2 (mod 4) can only be: 0+0, 0+1, 1+0, or 1+1
- possible sums (mod 4): 0, 1, 1, 2
- 3 (mod 4) is never reachable.
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STEP 4 — State the conclusion clearly.

Since a2 + b2 mod 4 € {0, 1, 2}, it can never equal 3 (mod 4).

Therefore a2 + b2 is never of the form 4k + 3.
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